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1. Introduction 
An automotive performance has improved from the demand of ride comfort and driving 
stability. Many research have proposed various control system design methods for active 
and semi-active suspension systems. To improve vehicle response by steering, a roll angle 
control [1], a distribution control of the suspension stiffness of front and rear [2], and pitch 
angle control [3][4] have been proposed. Furthermore, to improve vehicle response due to 
disturbance on the road, a tire vertical load control [4-6] caused by road disturbance was 
proposed. In recent year, it is reported that roll and lateral vehicle motions are affected by 
the road input. These motions are affected by not only road displacement but also the 
change of tire side force [8-11]. As shown in Figs. 1 and 2, the tire side force is caused by a 
toe change and a scuff due to the roll motion and tire side force. However, there are few 
research about a suspension control method which takes into consideration with a 
suspension characteristic that is change of tire side force caused by suspension stroke and 
tire side force. 
In this research, we designed a suspension control system which reflects a suspension 
characteristic, the change of tire side force caused by suspension stroke and tire side force. A 
new semi-active suspension control method is proposed to reduce the vehicle vibration and 
vehicle lateral motion due to the road input. 
To design such a system, the time delay of the road input from the front wheel to the rear 
wheel needed to be modeled. In the vehicle control, there are several control systems which 
take into consideration with this delay [12-16]. However, the purpose of these research is to 
find a way to reduce the vehicle vertical vibration. Oraby evaluated motion of the vehicle 
lateral direction [7]. However, the dynamics of the lateral direction do not be considered in 
the control system design. 
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Figure 1. Toe change and scuff caused by roll motion and tire side force. 
 
Table 1. Specification of vehicle model 
In order to design the controller, a vehicle model including the tire side force change caused 
by road disturbance is constructed. Moreover, the road input from the front wheel to the 
rear wheel time delay is modelled with Pade approximation. These suspension 
characteristics and the time delay are modelled with liner model. The disturbance 
accommodating H∞ control which considers the vehicle model including the suspension 
characteristic is proposed. In the control, we set the lateral acceleration of the vehicle to one 
of controlled outputs. New semi-active suspension control method is proposed to reduce the 
vehicle vibration and vehicle lateral motion due to the road input. To verify the feasibility of 
the proposed method, several numerical simulations are carried out. 
2. Modeling 
2.1. Modeling of the vehicle 
Figure 2 shows a full vehicle model which is equipped with semi-active suspension between 
each wheel and the vehicle body. The weight of the vehicle body is supported by the spring. 
We assume that a vehicle model is a generic sedan car as shown in Table 1. The equations of 
motion which are, lateral, bounce, roll, pitch, yaw, and each unsprung motion are as 
follows: 
Symbol Value Symbol Value 
Mb 1900 kg Kt 260×103 N/m
Mt 50 kg lf 1.34 m 
Ir 600 kgm
2
 lr 1.46 m 
Ip 3000 kgm
2
 Tf 1.50 m 
Iy 3200 kgm
2
 Tr 1.50 m 
Kf 33×103 N/m hr 0.45 m 
Kr 31×103 N/m hp 0.53 m 
Cf 300 N/m/s hrf 0.62 m 
Cr 300 N/m/s hrr 0.11 m 
Discuss in section 3.3
Discuss in section 3.3
(a) Roll motion. (b) Tire side force 
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Figure 2. Vehicle model 
where Hr is the distance from a roll center to the CoG of the vehicle body, and Hp is the 
distance from a pitch center to the CoG of the vehicle body. These parameters are constant. 
Fd3
zr1
Tr
Lf Lr
Pitch CTR Roll CTR
zu1 zu3
zcg
zu3 zu4
Kt
Mt Mt Mt Mt
Mb , Ir , Ip ,Iy
Side view Rear view
Plane view
Forward
zr3 zr3 zr4
Kt Kt Kt
V
γ
Fy1
Fy2
Fy3
Fy4
Tire 
side- force
T
r
T
ｆ
L
fq
b
Kf
Cf
Fd1
Fd1 Cr
Fd4
Fd4
KrCr
Fd3KrCr
Fd3
Fd3
Kr
 New Advances in Vehicular Technology and Automotive Engineering 362 
The spring coefficients of each wheel are different from each other, and were set to K1, 2 = Kf , 
K3, 4 = Kr, Fyi means a tire side force, zsi means a suspension stroke of each wheel, zti means 
deformation of the each tire.  
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As shown in Fig.2, tire side force is caused by the toe change and the scuff. The toe change 
and the scuff are caused by the suspension stroke and the tire side force. The tire side force 
of each tire, Fyi , is as follows:  
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 (3) 
where, a value in the parenthesis in Eq.(3) means the tire slip angle of each tire. Ksf and Ksr 
are the coefficient of toe angle change caused by suspension stroke. The third term in the 
parenthesis is the toe angle change caused by the suspension stroke of each wheel, as shown 
in Table 2 (A). The fourth term in the parenthesis is the tire slip angle caused by the scuff per 
unit time as shown in Table 2 (B). The equivalent cornering stiffness which includes the 
compliance steer is as follows: 
 ,( 1,... 4)
1
Ci
Ci
Ci SFi
K
K i
K K
    (4) 
where, KCi is the cornering stiffness of each tire. KSFi is the coefficient of the toe angle change 
caused by the tire side force, as shown is Table 2 (C). Finally, the characteristic shown in 
Table 2 (D) is derived from a first order delay of the equivalent cornering stiffness (Eq. (4)). 
Table 2. Modeling of suspension characteristics 
          Output 
Input 
Toe-angle change Scuff 
Suspension stroke Modeling (A) Modeling (B) 
Tire side-force Modeling (C) Modeling (D) 
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Table 3. Specification of suspension characteristics 
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where, KPFi is the coefficient of the scuff caused by the tire side force. The characteristics of 
the tire side change is modelled from Equations (3) to (5). As shown in Table 3, each 
parameter is determined that stability factor was set to the usual value, 1.43×10-3 s2/m2 based 
on the reference [18]. 
2.2. Vehicle response caused by antiphase road disturbance 
The state equation of the vehicle model which reflects change the tire side force is defined as 
Eq. (6). This model is an LTI model when the vehicle velocity is fixed. 
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We confirmed that the vehicle responsed to an antiphase road disturbance. In this research, 
the phases of road input of left-right are zero and π. Zero means a coordinate phase, and π 
means the antiphase. In the antiphase road, the road displacement at the vehicle velocity, V, 
is as follows. 
 2 1 3 1 4 1, ,
L L
s s
V V
r r r r r rz z z e z z e z
       (7) 
The transfer function of the vehicle responce caused by the antiphase road disuturbance at 
33.3 m/s (120 km/h) is shwon in Fig. 3. Here, Figure 3 (a) is the date of previous study. 
Figure 3 (b) is the data of our study. In these figures, specification of the vehicle model of 
each study is different. However, from the result showing the same tendency for vehicle 
responses, we found that the our model is appropriate. 
Symbol Value Symbol Value 
Ksf 0.13 rad/m KSFf 8.0×10-6 rad/N
Ksr 0.13 rad/m KSFr 1.0×10-6 rad/N
KCf 77000 N/rad KPFf 6.7×10-6 m/N 
KCr 71000 N/rad KPFr 6.7×10-6 m/N 
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Figure 3. Vehicle responce coused by antiphase road disuturbance 
2.3. Design of damper coefficient 
In general, the performance of the controller is affected by the damping coefficients of the 
suspension. In this section, we design the damping coefficient for the evaluation values 
which are the vertical acceleration at the coordinate phase road and the lateral acceleration 
at the antiphase road. In the next section, we design the control system which uses the 
damping coefficients designed in this section. The road condition is shown in Figs. 4 and 5. 
The road displacement is assumed such that the Power Spectral Density (PSD) characteristic 
of the road surface is C class defined by ISO [19]. The lateral accelerations are shown in Fig. 
8 and the lateral acceleration of vehicle body are derived from a geometric relation as 
follows. 
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Figure 4. Power spectral density of road surface profile[19] 
 
Figure 5. Road displacement  
 
Figure 6. Lateral acceleration (Rear view) 
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Figure 7. Sensitivity curves of lateral and vertical acceleration [20] 
 
Figure 8. Contour diagram of RMS value of accelerations (unit : m/s2, O : minimum point of (c))  
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The sensitivity curves of the lateral and the vertical acceleration are defined by ISO [20]. We 
designed the damping coefficient for the suspension to minimize the Root Mean Square 
(RMS) which considers the sensitivity curves. A frequency response of the filter [21] which 
modeled sensitivity curve with the transfer function is shown in Fig. 7. We calculated the 
RMS values using the time history of the vertical and lateral accelerations which pass this 
filter. The simulation results when both front and rear damping coefficients are changed are 
shown in Fig. 8, which is a contour diagram of the RMS values. There are minimum point in 
Fig. 8 (a), (b) and (c). The evaluation value is the sum of vertical and lateral acceleration of 
RMS shown in Fig. 8. (c). From the simulation results, the damping coefficients of the 
suspension are 2000 and 1300 N/m/s.  
3. Controller design 
We used the controller designed based on the linear H∞ control theory to a semi-active 
suspension. The control system of the semi-active suspension is shown in Fig. 9. An actuator 
force command Fli is calculated with the linear H∞ controller. The damping force command 
Fdi is translated with a liner-bilinear converter.  
3.1. Approximation of time delay of road disturbances 
When the front and rear tire passes the same path, road disturbance affects the rear tire has 
the delay to the front tire. As shown in Fig. 10, the road input from the front wheel to the 
rear wheel is the delayed. The delay is modeled with a third-ordered Pade approximation. 
As shown in Fig. 10 (b), we consider the effect of vehicle velocity in the control system 
design by using a linear model. To check whether the Pade approximation is correct, we 
carried out the numerical simulations. The response of the vehicle model which includes the 
Pade approximation when the vehicle runs on the antiphase road disturbance is shown in 
Fig. 11. The vehicle velocity is 16.7 m/s (60km/h). In the lower frequency of the resonance 
frequency of the tire, we found that the result of the simulation model which uses the time 
delay and Pade approximation are almost the same. 
3.2. Disturbance-accommodating control 
We found that feedforward control of disturbance information in the finite frequency range and 
feedback control improve performance [22]. The power spectral density of the actual velocity of 
disturbances had flat characteristics in a low frequency, and decreased according to frequency 
at a region of high frequency. We assumed that it regarded as the colored noise formed by 
shaping filter which has a transfer function with low-pass characteristics. This filter of the each 
wheel is based on the road condition which defined by ISO [19]. The filter is as follows:  
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where, wgi is road input of the each wheel, wi is road input of the vehicle model of the 
general model as shown in Fig. 7. It was referred to as   50 2d  and   0.706d . 
 
 
 
 
 
 
 
 
 
Figure 9. Control system of semi-active suspension  
 
 
 
 
 
 
 
 
Figure 10. Approximation of time delay of road disturbances from front to rear wheels. 
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Figure 11. Vehicle response of vehicle model which includes the Pade approximation caused by 
antiphase road disturbance 
3.3. Disturbance-accommodating H∞ control 
The feedforward control of disturbances resulted in worse accuracy outside the assumed 
frequency [22]. Furthermore, because each resonance frequency of the vehicles and tire 
differs, the control system design considering each resonance frequency is needed. 
Therefore, the control system was designed by using the H∞ method in the control theory. 
We integrated each state variable of the road disturbance model and frequency weights for 
controlled values. The frequency weights are as follows:  
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where, zzc is controlled value of the vehicle motion, zzi is controlled value of the control 
input. Figure 7 shows a block diagram of the generalized plant to design the controller, and 
the state-space form of the generalized plant is as follows:  
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H∞ norm of the transfer function
g gz w
G from disturbance wg(t) to controlled value z(t) is 
expressed by the following equation. 
 

  *2
2
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g g
g
Z W
u w g
z
miu G
w
 (12) 
where,  *  is a minimum of H∞ norm of the generalized plant realized with H∞ controller. 
The controller is the following equation [23]. 
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In this reserch, we assumed that the vehicle speed is constant. The measured outputs, y(t), 
are four vertical accelerations of the wheel position of the vehicle body. The controlled 
values, z(t), are vertical acceleration, lateral acceleration, vertical velocity of the vhicle body, 
tire deformation, and actuating force. Frequency weight Wi, shown in Fig. 13, was 
determined by trial and error.  
A bandpass filter, W1, that had a peak frequency equal to the resonance frequency of the 
passenger’s head was used based on sensitivity curves [20], such as that being standardized 
by ISO and shown in Fig. 4. The low pass filter, W2, was used based on sensitivity curves of 
lateral direction. In order to prevent the increase of response in each resonance, a low pass 
filter W3 and a bandpass filter W4 are used. Moreover, to prevent steady control input, a high 
pass filter, W5, was used. 
 
Figure 12. Generalized plant 
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Figure 13. Frequency weight 
3.4. Comparison of the response of the frequency weight Kw2 
To check the effect of the suspension model which includes the tire side force caused by the 
road disturbance, we compared two control systems, one which considers the tire side force 
and the control system, and one which does not consider one. The design of two general 
control methods changed the controlled value of the lateral acceleration of the vehicle body. 
Frequency weights, W1, W2, W3, W4, Kw1 = 500, Kw3 = 500, Kw4 = 2000, and Kw5 = 20, are the same 
value in the proposed method and general methods. We combined the control system and 
vehicle model which includes the tire side force shown in Chapter 2. We used MATLAB 
(The Math Work Inc.) to calculate the Runge-Kutta method for the differential equations. 
The computational time step is 1 ms. Vehicle velocity is 16.7 m/s (60 km/h). The road surface 
conditions are shown in Fig. 5(b). We calculated the RMS values from the time history of 
lateral acceleration which passes the filter shown in Fig.7. 
 
Figure 14. RMS value changed by evaluation function of accelerations (Antiphase road) 
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The RMS value changed by the frequency weight, Kw2 is shown in Fig. 14. For a frequency 
weight, Kw2, is 1 to 4000, when Kw2 increases, the RMS value of rolling and lateral 
accelerations decreased. Furthermore, when Kw2 increases, RMS of lateral acceleration 
decreased. From the result of Fig. 14.(b), it was confirmed that the proposed method can 
reduce the lateral acceleration due to the road disturbance in comparison with the general 
method. We compare the control performance of two controllers which are designed using 
the frequency weight shown in Fig. 14.(b). In two controllers, Kw2 is set the smallest RMS 
value in 14.(b). 
4. Simulation 
4.1. Simulation condition 
To clarify the effect of the suspension model which includes the tire side force, we compare 
the two control systems. The two control systems are designed in Cheater 3. As for the 
control system which inflects the tire side force (H∞ cont. (with susp. model)), the frequency 
weight of lateral acceleration, Kw2, is 4000. The control system which does not consider the 
tire side force (H∞ cont. (without susp. model)), the frequency weight of lateral acceleration, 
Kw2, is 6000.  
In the simulation, we combine the control system and the vehicle model which includes 
the tire side force shown in Chapter 2. The vehicle velocity is 16.7 m/s (60km/h). 
Moreover, we assume that the range of the damping coefficient of the semi-active 
suspension is 100-10000 N/m/s in Fig. 15. The semi-active damper has the first order 
delay. The cut off frequency is 10 Hz. We used MATLAB (The Math Work Inc.) to 
calculate the Runge-Kutta method for the differential equations. There were two road 
conditions. One is the coordinate phase road in Fig. 5 (a), and the other is the antiphase 
road in Fig. 5 (b). To demonstrate the control effect, we show the responses which does 
not control he semi-active damper (Non control).  
4.2. Simulation results 
In check whether the proposed method reduced vertical and lateral motion, we did the 
numerical simulations. The time history of the vertical acceleration caused by the coordinate 
phase and the lateral acceleration caused by the antiphase road is shown in Fig. 14. The 
Lissajous figure for the suspension velocity and the damping force of the front suspension 
are shown in Fig. 15. The PSD of the vertical acceleration and the lateral acceleration is 
shown in Fig. 16.  
In the coordinate phase road, there are few difference in the time history and the Lissajous 
figure. As for the PSD, two control systems can reduce the vibration better than the non 
control one near the resonance frequencies of the vertical direction of the vehicle body and 
vertical direction of the human head. On the other hand, in the antiphase road, there are 
differences in the time history and the Lissajous figure. The PSD of lateral acceleration, two 
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control systems can reduce the vibration near the frequency range with a high level of 
lateral acceleration sensitivity. Additionally, the control system which includes suspension 
model of the tire side force change caused by road disturbance can reduce the vibration 
better than the control system which does not include the tire side force change in the same 
frequency range. The simulation results confirmed that using the proposed control system 
reduces the vertical and the lateral motion of the vehicle caused by the disturbance in the 
road. 
 
Figure 15. Semi-active dumper model 
 
Figure 16. Time history 
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Figure 17. Lissajous figure (Suspension velocity and damping force)  
 
Figure 18. PSD values 
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5. Conclusion 
This research proposed disturbance accommodating H∞ control which considers the vehicle 
model in order to reduce the vehicle vibration and vehicle lateral motion due to the road 
input. We formulate the vehicle model including the suspension characteristic that is the toe 
change and the scuff caused by suspension stroke and tire side force. In order to verify the 
feasibility of the proposed method, the numerical simulations were carried out. From the 
result, it was confirmed that the proposed control system is effective for reducing not only 
the vertical vibration but also the lateral vehicle motion due to the road disturbance in 
comparison with the control method without considering the suspension characteristic.  
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